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We investigate the distribution property of one way discord in multipartite system by introducing the con-
cept of polygamy deficit for one way discord. The difference between one way discord and quantum discord
is analogue to the difference between entanglement of assistance and entanglement of formation. For tripartite
pure states, two kinds of polygamy deficits are presented with the equivalent expressions and physical inter-
pretations regardless of measurement. For four-partite pure states, we provide a condition which makes one
way discord polygamy being satisfied. Those results can be applicable to multipartite quantum systems and are
complementary to our understanding of the shareability of quantum correlations.
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I. INTRODUCTION
Quantum correlations, such as entanglement and quantum
discord, are considered as valuable resources for quantum in-
formation task [1–7]. On the other hand, in general, entangle-
ment and discord are quite different from each other. Since the
entanglement seems not to capture all the quantum features
of quantum correlations, other measures of quantum correla-
tions are proposed. Quantum discord is a widely accepted one
among them [8–15]. The quantum discord plays an important
role in the research of quantum correlations due to its poten-
tial applications in a number of quantum processes, such as
quantum critical phenomena [16–19], quantum evolution un-
der decoherence [20–22] and the DCQ1 protocol [23].
Since quantum discord quantifies the quantum correlation
in a bipartite state and might also be a resource in quantum-
information processing, it is interesting to study its distri-
bution property in the multipartite system. The monogamy
property which characterizes the restriction for sharing a re-
source or a quantity is helpful to provide significant informa-
tion for this issue and deserves systematic investigation. In
general, the limits on the shareability of quantum correlations
are described by monogamy inequalities [24–29]. Recently,
the monogamy relation for quantum discord was studied in
[30–36]. It is found that the monogamy of quantum discord
is not always hold for any tripartite pure state [33]. That is to
say, the polygamy relation for quantum discord can hold for
some states.
Recently, a quantum correlation similar as quantum dis-
cord called one-way unlocalizable quantum discord was pre-
sented [37]. The one way discord has an operational inter-
pretation, for any tripartite pure state, the polygamy relation
always holds. It is interesting to study the difference and con-
nection between one way discord and quantum discord. The
distribution property of one way discord in multipartite sys-
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tem is also worth considering. In this paper, we present the
concept of polygamy deficit of one way discord. For any tri-
partite pure state, using the equivalent expression of polygamy
deficit, we can control the polygamy degree of one way dis-
cord. For 4-partite pure states, we provide an condition for the
case that one way discord is polygamy. We believe that our re-
sults provide a useful method in understanding the distribution
property of one way discord. Our results get rid of the optimal
measurement problem, which is difficult or even impossible to
overcome in most researches on one way discord and quantum
discord, and give important relations to simplify the calcula-
tion, Therefore, we believe that our results may have great
applications in quantum information processing and can be
applied to physical models of many-body quantum systems.
The paper is organized as follows. In Sec. II, we give a
brief review of the definition of one way discord and corre-
sponding correlations. In Sec. III, we study the differences
and connections between one way discord, quantum discord
and corresponding quantum correlations. In Sec. IV, we de-
fine the polygamy deficit of one way discord. For any tripartite
pure state, the polygamy degree of one way discord is consid-
ered. For 4-partite pure states, we provide an condition that
makes one way discord polygamy. In Sec. V, we summarize
our results.
II. THE DEFINITION OF ONE WAY DISCORD AND
CORRESPONDING CORRELATIONS
In order to study the distribution property of one way dis-
cord, we give a brief review of one way discord and corre-
sponding correlations.
For a bipartite state ρAB, the one-way unlocalizable quan-
tum discord is defined as the difference between the mutual
information and the one way unlocalizable entanglement [37],
namely,
δ←u (ρAB) = I (ρAB) − E←u (ρAB) , (1)
where I (ρAB) = S (ρA)+S (ρB)−S (ρAB) is mutual information
[38]. The one way unlocalizable entanglement (UE) is defined
2as:
E←u (ρAB) = min
{MBk }
S (ρA) −
∑
k
pkS (ρAk )
 , (2)
where the minimum is taken over all possible rank-1 measure-
ments {MBk } applied on subsystem B, pk = Tr[(IA ⊗ MBk )ρAB]
is the probability of the outcome k, and ρAk = TrB[(IA ⊗
MBk )ρAB]/pk is the state of system A when the outcome is k
[39]. The definition of quantum discord is similar as one way
discord,
D← (ρAB) = I (ρAB) − J← (ρAB) , (3)
where J← (ρAB) is the classical correlation which defined as
J← (ρAB) = max
{MBk }
S (ρA) −
∑
k
pkS (ρAk )
 . (4)
For any tripartite pure state, we have the Koashi-Winter rela-
tion [27]
J← (ρAB) + E f (ρAC) = S (ρA) , (5)
where E f (ρAC) is the entanglement of formation (EOF) of
ρAC . Similarly, we have the Buscemi-Gour-Kim equality [39]:
E←u (ρAB) = S (ρA) − Ea (ρAC) , (6)
where Ea (ρAC) is the entanglement of assistance (EOA) of
ρAC , which is defined by the maximum average entanglement
of ρAC [40, 41],
Ea (ρAC) = max
{px , |φx〉AC}
∑
x
pxS (ρAx ), (7)
where the maximum is taken over all possible pure-state de-
compositions of ρAC , satisfying ρAC =
∑
x px|φx〉AC〈φx| and
ρAx = TrC(|φx〉AC〈φx|). Here, S (ρ) = −Tr(ρ log2 ρ) is the von
Neumann entropy [38].
III. THE DIFFERENCE AND CONNECTION BETWEEN
ONE WAY DISCORD AND QUANTUM DISCORD
The one way discord and quantum discord are two simi-
lar quantum correlations. The differences and connections
between them are interesting questions. In this section, we
study this issue carefully. First of all, let us consider the dif-
ference between one way discord and quantum discord. Ac-
cording to the definitions, we have D← (ρAB) + J← (ρAB) =
δ←u (ρAB) + E←u (ρAB) = I (ρAB) , Using Eq. (5) and (6), we
have
δ←u (ρAB) − D← (ρAB) = Ea (ρAC) − E f (ρAC) ≥ 0. (8)
This formula tells us an interesting fact that the difference be-
tween one way discord and quantum discord for ρAB is equiv-
alent to the difference between EOA and EOF for ρAC .
0 0.25 0.5 0.75 10
0.25
0.5
0.75
1
2θ/pi
δ u←
(ρ A
B)−
D←
(ρ A
B)
(a)
0 0.25 0.5 0.75 1−1
−0.5
0
0.5
1
2θ/pi
δ u←
(ρ A
B)−
δ u←
(ρ C
B)
 
 
(b)
FIG. 1: (color online). (a) δ←u (ρAB) − D← (ρAB) v.s. 2θ/pi for the
GHZ state |ψ〉 = cos θ|000〉 + sin θ|111〉. (b) The difference between
one way discord or quantum discord of ρAB and ρCB is plotted as a
function of 2θ/pi for a state |ψ〉 = cos θ|Φ+〉AB |0〉C + sin θ|0〉A |Ψ+〉BC .
We know that the one way discord is greater than or equal
to the quantum discord in general, but how to measure the dif-
ference between them? For an arbitrary tripartite pure state,
this equation tells us that the difference can be measured by
the difference between EOA and EOF for another two parties.
Since the EOF and EOA do not contains measurements, it is
much easier to calculate the difference between them, which
provides an simple method for measureing the difference be-
tween one way discord and quantum discord. If ρABC changes
from a pure state to another pure state, the change of both sides
of this equation are equivalent. In other words, we can control
the difference between this two kinds of quantum discord by
adjusting the corresponding entanglement measure. In partic-
ular, when EOA and EOF are equal, the two kinds of quantum
discord are equivalent.
Now we give a simple example. In Fig. 1(a), for the
GHZ state |ψ〉 = cos θ|000〉 + sin θ|111〉 (θ ∈ [0, pi/2]), the
δ←u (ρAB) − D← (ρAB) is plotted as a function of 2θ/pi. This
figure shows that the difference between one way discord and
quantum discord for ρAB first increases then decreases with in-
creasing θ. In particular, when θ = or pi/2, the state is separa-
ble and we have δ←u (ρAB) = D← (ρAB). When θ= pi/4, the state
is the maximally entangled state, the difference between one
way discord and quantum discord for ρAB reaches the maxi-
mum value.
Consider the distribution property of one way discord, we
provide an interesting relationship as follows:
δ←u (ρAB) − δ←u (ρCB) = D← (ρAB) − D← (ρCB) = S (B|C) . (9)
Here we give a simple proof. Using the definition and
Buscemi-Gour-Kim equality, we have δ←u (ρAB) = I (ρAB) −
E←u (ρAB), with E←u (ρAB) = S (ρA) − Ea (ρAC). Thus, we have
δ←u (ρAB) = Ea (ρAC) − S (A|B) and δ←u (ρCB) = Ea (ρCA) −
S (C|B), similarly. Combined these two equations, we have
δ←u (ρAB) − δ←u (ρCB) = S (ρA) − S (ρC) = S (B|C) . (10)
For quantum discord, using the Koashi-Winter equality, we
have D← (ρAB) = E f (ρAC) − S (A|B), and D← (ρCB) =
E f (ρCA) − S (C|B). The difference between D← (ρAB) and
3D← (ρCB) is equivalent to S (ρA) − S (ρC), which completes
the proof.
This equation gives us another interesting fact that the dif-
ference between one way discord of ρAB and ρCB is equivalent
to the difference between quantum discord of the same states.
Both of them are equal to the conditional entropy S (B|C) or
−S (B|A). That is to say, the difference is independent of mea-
sure and the quantum correlations we used. For any tripartite
pure states, if S (ρA) is greater than or equal to S (ρC), we
have the conditional entropy S (B|C) ≥ 0, which means the
one way discord or quantum discord of ρAB is always greater
than or equal to ρCB, and vice versa. This formula also gives a
new physical meaning for the conditional entropy: it reflects
the distribution property of one way discord or quantum dis-
cord for relevant states. It tells us that if we want to control
the distribution of one way discord or quantum discord be-
tween ρAB and ρCB, we only need to adjust the corresponding
conditional entropy. If ρABC changes from a pure state to an-
other pure state, the change of both sides of this equation are
equivalent.
For example, we consider a state, |ψ〉 = cos θ|Φ+〉AB|0〉C +
sin θ|0〉A|Ψ+〉BC with |Ψ+〉 and |Φ+〉 the Bell states. In
Fig. 1(b), the difference between one way discord or quan-
tum discord of ρAB and ρCB is plotted as a function of 2θ/pi
(θ = [0, pi/2]). This figure shows that the difference between
one way discord or quantum discord of ρAB and ρCB decreases
from 1 to −1 with increasing θ. In particular, when θ= pi/4,
the conditional entropy S (B|C) is equal to zero, the one way
discord or quantum discord of ρAB and ρCB are equal.
IV. THE POLYGAMY DEFICIT OF ONE WAY DISCORD
In order to study the distribution property of one way dis-
cord carefully, similar as the quantum discord, we give two
kinds of polygamy deficits of one way discord [35],
△←δu(A) = δ
←
u
(
ρA(BC)
)
− δ←u (ρAB) − δ←u (ρAC) . (11)
△→δu(A) = δ
→
u
(
ρA(BC)
)
− δ→u (ρAB) − δ→u (ρAC) . (12)
The △←
δu(A)
involves the local measurements on B, C and a co-
herent measurement on BC, while the△→
δu(A)
only involves local
measurements on A. The first kind of polygamy deficit can be
rewritten as
△←δu(A) = E
←
u (ρAB) − Ea (ρAB) = E←u (ρAC) − Ea (ρAC) . (13)
Here we give a simple proof. For tripartite pure states, we
have △←
δu(A)
= S (ρA)−δ←u (ρAB)−δ←u (ρAC). Using the formulas
we have proved, the polygamy deficit can be re-expressed as
△←δu(A) = S (ρA) − I (ρAB) + E←u (ρAB) − Ea (ρAB) + S (A|C)
= E←u (ρAB) − Ea (ρAB) . (14)
Using the Buscemi-Gour-Kim equality E←u (ρXY )+Ea (ρXZ) =
S (ρX) (X, Y, Z ∈ {A, B,C}), we have E←u (ρAB) − Ea (ρAB) =
E←u (ρAC) − Ea (ρAC).
According to Ref. [37], the one way discord is polygamy
for tripartite pure states, but we do not know the degree of
polygamy for a particular state. Eq. (13) shows us that the de-
gree of polygamy for one way discord is determined by the
difference of UE and EOA. That is to say, we can control
the degree of polygamy by adjusting the difference of UE and
EOA for corresponding reduced state. The polygamy deficit
can be reduced by decreasing the difference of UE and EOA.
It is worth noting that the right hand side of this equation only
contains one local measurement on B or C, so the experiment
and calculations can be greatly simplified. The difference of
UE and EOA for ρAB and ρAC change in the same step, we
only need to consider one of them.
Now we consider the equivalent expression of the second
polygamy deficit of one way discord. For tripartite pure
states, we have △→
δu(A)
= S (ρA) − δ→u (ρAB) − δ→u (ρAC), where
δ→u (ρAB) = δ←u (ρBA) , δ→u (ρAC) = δ←u (ρCA). Since we have
proved in the previous section that δ←u (ρXY ) + S (X | Y) =
Ea (ρXZ) with (X, Y, Z ∈ {A, B,C}). It can be rewritten as
△→δu(A) = S (ρA) + S (B|A) + S (C|A) − 2Ea (ρBC) . (15)
For tripartite pure states, we have
△→δu(A) = I (ρBC) − 2Ea (ρBC) . (16)
This equation tells us an interesting fact that the second
polygamy inequality also holds for one way discord, since
Ea (ρBC) ≥ 12 I (ρBC) always holds for tripartite pure states.
That is to say, both the first polygamy inequality contains lo-
cal and coherent measurements and the second polygamy in-
equality only contains local measurement hold for one way
discord. The polygamy degree of the second polygamy in-
equality is decided by the difference of I (ρBC) and 2Ea (ρBC).
In other words, we can control the polygamy degree by ad-
justing the mutual Information and EOA for ρBC. It is worth
noting that the right hand side of this equation does not in-
clude any measurement, so the experiment and calculations
can be greatly simplified. We can also prove that
△→δu(A) = E
←
u (ρBA) − δ←u (ρBA) = E←u (ρCA) − δ←u (ρCA) . (17)
It shows that the second polygamy deficit is equivalent to
the difference between UE and one way discord for ρBA or
ρCA, which change in the same step. In particular, when
Ea (ρBC) = 12 I (ρBC), we have △→δu(A) = 0 and E←u (ρBA) =
δ←u (ρBA), E←u (ρCA) = δ←u (ρCA).
Now we provide a simple example. In Fig. 2(a), for the
GHZ state |ψ〉 = cos θ|000〉 + sin θ|111〉 (θ ∈ [0, pi/2]), the
△→
δu(A)
= I (ρBC) − 2Ea (ρBC) is plotted as a function of 2θpi . This
figure shows that the second polygamy deficit of one way dis-
cord first decreases then increases with increasing θ. In partic-
ular, when θ = 0 or pi/2, the state is separable state, we have
△→
δu(A) = 0. When θ= pi/4, the state is maximally entangled
state, the polygamy degree of the second polygamy inequality
reaches maximum, △→
δu(A)
= −1.
Similarly, for 4-partite pure state, we define the two kinds
of polygamy deficits as follows:
△
(4)←
δu(A) = δ
←
u
(
ρA(BCD)
)
− δ←u (ρAB) − δ←u (ρAC) − δ←u (ρAD) , (18)
△
(4)→
δu(A) = δ
→
u
(
ρA(BCD)
)
− δ→u (ρAB) − δ→u (ρAC) − δ→u (ρAD) .(19)
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FIG. 2: (color online). (a) For state |ψ〉 = cos θ|000〉 + sin θ|111〉
(θ ∈ [0, pi/2]), the △→δu(A) against 2θ/pi. (b) The interaction informa-
tion I(ρABC) is plotted as a function of 2θ/pi for |ψ〉 = cos θ|0000〉 +
sin θ|1111〉
We can provide an upper bound of these two polygamy
deficits: △(4)←
δu(A)
≤ S (ρA) − 12 I (ρAB) − 12 I (ρAC) − 12 I (ρAD) =
1
2 I (ρABC). Since I (ρABC) = I
(
ρA(BC)
)
−I (ρAB)−I (ρAC) = △(3)I(A) ,
we have
△
(4)←
δu(A) ≤
1
2
I (ρABC) = △(3)I(A) , △
(4)→
δu(A) ≤
1
2
I (ρABC) = △(3)I(A) . (20)
When mutual information is polygamy I (ρABC) ≤ 0, we must
have △(4)←
δu(A) ≤ 0.
So far, similar as the polygamy deficit for tripartite states,
we have defined the two kinds of polygamy deficits for 4-
partite pure states. We have provided an upper bound for these
two polygamy deficit, which is equivalent to the interaction in-
formation for its tripartite reduced state ρABC . In general, the
I (ρABC) can be positive or negative. When I (ρABC) ≤ 0, we
have that the two kinds of polygamy inequalities hold for one
way discord. It is worth noting that 12 I (ρABC) = △(3)I(A) holds
for any tripartite reduced state ρABC. That is to say, when
the mutual information is polygamy for ρABC, we must have
I (ρABC) ≤ 0, then both polygamy inequalities of one way
discord hold for ρABCD. So we can make the polygamy in-
equalities hold by adjusting the tripartite interaction informa-
tion I (ρABC) or the corresponding mutual information. Since
I (ρABC) does not include any measurement, the experiment
and calculations are very simple.
For example, we consider a family of states, |ψ〉 =
cos θ|0000〉 + sin θ|1111〉 (θ ∈ [0, pi/2]). In Fig. 2(b), the half
of the interaction information is plotted as a function of 2θ/pi.
This figure shows that 12 I (ρABC) first decreases then increases
with increasing θ. In particular, when θ = 0 or pi/2, the state is
separable and the polygamy deficits are upper bounded by 0.
When θ= pi/4, the state is the maximally entangled state, the
polygamy deficits are upper bounded by -1/2. That is to say,
the one way discord is always polygamy for this state.
V. CONCLUSIONS AND DISCUSSION
In summary, we have considered the distribution property
of one way discord for multipartite quantum systems. We have
showed that the difference between one way discord and quan-
tum discord equals to the difference between entanglement
of assistance and entanglement of formation. The distribu-
tion property of one way discord for tripartite pure state have
also been investigated. Moreover, we have introduced the con-
cepts of two polygamy deficits for one way discord of which
we have found the equivalent expressions. Using this result,
we can obtain physical interpretations for these two polygamy
deficits and control the polygamy degree of one way discord
regardless of the optimal measurement problem. For 4-partite
pure states, we have provided an condition for the case that
one way discord is polygamy. That is to say, if our condition is
satisfied, the one way discord must be polygamy. We believe
that our results provide a powerful but computationally sim-
plified method in understanding the distribution property of
one way discord in multipartite quantum systems. Our results
may have applications in quantum information processing and
can be applied to physical models of many-body quantum sys-
tems.
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